
The Apparent Chemical Kinetics of Surface 

Reactions in External Flow Systems: 

Diffusional Falsification of Activation 

Energy and Reaction Order 
DANIEL E. ROSNER 

AeroChem Research Loboratories, Incorporated, Princeton, N e w  Jersey 

If the temperature level or free stream reactant concentration is deliberately changed, the 
resulting change in the observed global reaction rate on o catalytic surface in a flow system 
will not necessarily reflect the true chemical kinetics a t  the fluid/solid interface. General ex- 
pressions, reminiscent of those applicable to a static system, are derived for the relation between 
the diffusional falsification of activation energy and reaction order in terms of a logarithmic 
derivative of the isothermal diffusion correction (effectiveness factor). Approximate solutions are 
given for the case of the thin, nonturbulent diffusion layer which develops along an impermeable 
catalytic flat plate, for arbitrary values of the true reaction order and Prandtl number for 
diffusion (Schmidt number). Comparisons with exact solutions to the boundary-layer equotions 
and alternate approximate methods are given for the special case of first-order surface reactions. 
Of the various quantities of interest in the diffusional theory of heterogeneous reactions in flow 
systems, it is shown that the accuracy of the Frank-Kamenetskii quasi-stationary method can 
become unacceptably poor for the calculation of these falsification parometers. The physico- 
chemical conditions under which these errors are likely to be largest are discussed. Appljcations 
ore given to the study of the chemical kinetics of fast surface reactions. 

While chemical kinetic studies of 
surface reactions are most often carried 
out under conditions for which diffu- 
sional transport of reactant is suffi- 
ciently rapid to play no role in the ob- 
served kinetics [as in a Schwab type 
of reactor ( I ) ] ,  this extreme is not al- 
ways experimentally accessible. In the 
latter case any interpretable macro- 
scopic kinetic experiment must be con- 
ducted with a geometry for which the 
magnitude of the diffusional (bottle 
neck) effect is accurately calculable. 
In static systems several such geome- 
tries exist (2). However when one 
turns to flow systems for studying the 
kinetics of faster interfacial reactions, 
the choice is far more limited. Even 
for those flaw systems which have 
been discussed in the past, few treat- 
ments have been carried as far as pro- 
viding numerical results which allow 
one to extract meaningful chemical 
kinetic parameters from experimental 
measurements of overall conversion. 
This paper will investigate a simple 
isothermal flow system for which this 
is possible and, in particular, study the 
influence of external reactant diffusion 
on the resulting reaction rate distribu- 
tion, the integrated reaction rate, the 
apparent activation energy, and ap- 
parent reaction order. Emphasis will 
be placed on the general scaling 
(similitude) properties of this class of 
problems. In the course of the discus- 
sion the accuracy of two approximate 
computational methods will be investi- 

gated. The first of these is the well- 
known quasi-stationary method of 
Heymann (3)  and Frank-Kamenetskii 
( 4 ) ,  which leads to the so-called series- 
resistance concept. The second method, 
developed in references 5 and 6, is a 
rational improvement of this procedure 
which nevertheless retains much of its 
simplicity. In the light of this work, 
and related results in the field of con- 
vective heat transfer, an attempt is 
made to extract some general conclu- 
sions as to the physical and chemical 
conditions under which the simple 
quasi-stationary assumption is likely to 
be adequate. Finally possible experi- 
mental applications of the solutions 
presented are outlined, from the point 
of view of macroscopic chemical kinet- 
ics. 

MODEL 
PHYSICO-CHEMICAL HYDRODYNAMIC 

When an incompressible viscous 
fluid flows past a solid body of charac- 
teristic dimension L, owing to the non- 
slip condition at the stationary fluid/ 
solid interface, the surface generates 
vorticity which diffuses out into the 
surrounding fluid at a rate dependent 
upon the kinematic viscosity v = p / p  
of the fluid." If the rate of bodily con- 

* The Navier-Stokes equations of fluid motion 
may be regarded as vorticity transport equations 
(see reference 7, p 54-55). Thus for a two di- 
mensional viscous E w  the vorticitv vector t = 
curl v, whose magnitude is everywhere equal 
(av/ax) - W a g ) ,  satisfies a linear dif€usion 
equation of 6 e form d U d t  = vV2C in which the 
kcnematic viscositv Y plays the role of the d8u- 
sion coefficient. 

vection is large compared with the rate 
at  which vorticity can diffuse laterally, 
that is when the Reynold's number N g e  
= U L / v  is large compared with unity, 
a thin vorticity layer envelops the body 
(7) .  Outside of this boundary layer 
viscosity plays a minor role in deter- 
mining the flow field; within it convec- 
tive and viscous terms in the equations 
of fluid motion are of comparable im- 
portance. 

In a similar way, when a stream of 
fluid containing a reactant flows past 
an active catalyst with characteristic 
dimension L, the surface generates a 
region of reactant depletion which can 
be said to diffuse out into the sur- 
rounding fluid at a rate depending on 
the molecular diffusion constant ap- 
propriate to the reactant/foreign fluid 
system. When the characteristic rate of 
bodily convection is large compared 
with the rate of diffusion, that is when 
the diffusional Reynolds number U L / D  
is large compared with unity, a thin 
diffusion boundary layer envelops the 
catalytic solid. Outside of this layer 
diffusional transport plays a minor role 
in determining the steady state reactant 
concentration distribution; within it 
convective and diffusive transport 
terms in the conservation equation for 
the reactant are of comparable magni- 
tude. This division of the concentration 
field into two more or less distinct re- 
gions enables the partial differential 
equations of convective diffusion to be 
simplified in the manner of Prandtl 
(7).  The solution of these boundary- 
layer equations, subject to prescribed 
physico-chemical conditions at the 
outer edge of the layer and along the 
catalytic surface, will then provide the 
steady state concentration field in the 
immediate vicinity of the catalyst, 
from which the local and global (inte- 
grated) rates of diffusional transfer 
(and hence reaction rate) can be de- 
termined. 

Now, while the rate of the surface 
reaction will everywhere be influenced 
both by the conditions of convective 
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diffusion and the catalytic activity (or 
appetite SO to speak) of the surface, at 
any point along the catalyst the condi- 
tions at the interface will determine 
the rate of reaction, in accordance with 
some phenomenological rate law. What 
the rate of reaction will be at some 
point downstream will likewise depend 
both upon the rate at which reactant 
can be supplied to the interface from 
the free stream by convective diffusion 
over the intervening distance, as well 
as the appetite of the surface. Thus 
while the magnitude of the local reac- 
tion rate is not known a priori, it is 
known that whatever its magnitude 
the reaction rate per unit area must be 
identically equal to the local rate at 
which the reactant can be suppIied by 
reactant diffusion across streamlines. 
This statement provides the required 
physico-chemical boundary condition 
a t  the interface. Owing to the func- 
tional form of Fick's law of diffusion 
this condition will be seen to provide 
a relation between the normal gradient 
of reactant concentration and the ab- 
solute value of the reactant concentra- 
tion at the boundary. 

Historically the first application of 
Prandtl's boundary-layer theory was to 
the laminar flow along a very thin flat 
plate (8). The merit of this specific ex- 
ample is that it provides maximum sim- 
plicity and yet retains most of the 
fundamental features of two-dimen- 
sional boundary-layer flows. Moreover 
velocity, skin friction, and heat transfer 
measurements on isothermal plates in 
the laminar regime have provided 
striking confirmation of the theory. 
Because the nonturbulent flow over an 
impermeable flat plate is so well un- 
derstood, this example provides a 
logical starting point for an investiga- 
tion of the diffusion-surface reaction 
problem in steady viscous flows.* 

In accordance with the discussion 
above the following mathematical 
model is adopted. An incompressible 
carrier fluid is assumed to move near 
the catalyst surface (see Figure 1) in 
accordance with the two-dimensional 
continuum equations of momentum 
and continuity. If the flow in this 
vorticity layer is laminar and the kine- 
matic viscosity v is constant, then these 
equations may be written (7) 

au due dzu 
u- + 2 3 - =  us- + v -  

ax aY dx ayz 

where u and v are, respectively, the x 
(tangential) and y (normal) compo- 

*Results given herein can also be applied to 
the case of catalysts deposited on the interior or 
exterior of short impermeable cylindrical ducts 
with sharp edged entrance sections. 
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nents of the velocity field, and u.(x) 
is the asymptotic value of u for large 
distances y from the plate surface. For 
the case of a flat plate at  zero inci- 
dence u, 3 U is independent of the 
distance x along the stream from the 
leading edge, causing the first term of 
the right-hand side of Equation (1) to 
vanish. 

In the carrier fluid (diluent) there 
is a reactant present in dilute amounts. 
The reactant concentration field estab- 
lished in the vicinity of the catalyst is 
assumed to satisfy the diffusion bound- 
ary-layer equation 

where c is the local nondimensional 
reactant concentration (mass fraction) 
and the Fick diffusivity D is taken to 
be constant. The conditions of no net 
mass transfer or slip at the fluid/solid 
interface then require that both u (x,O) 
and u(x,O) vanish identically. If no 
chemical reaction takes place in the 
fluid itself, the free stream (external) 
reactant concentration, written c,, will 
be a constant. Finally a chemical 
kinetic boundary condition is pre- 
scribed on the behavior of the reactant 
concentration field at the surface and 
for this purpose it will be assumed that 
the intrinsic kinetics at  the interface 
are well described by a power function 
of the local reactant concentration (9). 
Then the interfacial reactant conserva- 
tion equation takes the form 

Here k represents the intrinsic inter- 
facial phenomenological rate constant. 
For the present the rate constant k is 
assumed to be independent of position 
on the catalyst surface. This usually, 
but not necessarily, implies that the 
surface temperature is uniform. If one 
imagines the properties of the carrier 
fluid-reactant mixture, the flow veloc- 
ity, and the interfacial kinetics to be 
prescribed, the problem posed here is 
to find the corresponding steady state 
distribution of reaction rate along the 
catalytic surface. When this is done, it 
is then possible to obtain the integrated 
reaction rate for a catalyst of pre- 
scribed length as well as the effect of 
diffusional transport on the apparent 
chemical kinetics. In practice of course 
one or more parameters prescribed here 
will not be known, but several of the 
computed parameters will be accessi- 
ble to direct measurement. By suitably 
combining the analysis with experi- 
ment one can then extract the funda- 
mental macroscopic kinetic parameters 
of interest. Methodologically this proc- 
ess would be no different from that of 
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using the Hagen-Poiseuille pressure 
drop-volume flow law to experimentally 
determine the viscosity of fluids. 

SIMILITUDE PROPERTIES 
A number of fairly general conclu- 

sions can immediately be drawn con- 
cerning the effect of various physical 
parameters on the solution (5, 6) .  Let 
Nsh. represent the diffusional mass 
transfer coefficient at nondimensional 

position x 5 x / L  along the plate 
( d  In u,/d In x = 0) in the absence of 
chemical surface reaction. From the now 
classical work of Polhausen (10) and 
Levich (11) one can write the well- 
known laminar boundary-layer result 

w 

Nsr ,  = - (5) = 
c. - cw 

[S,'(O, i v s J ] ( G : e ) l / a  G)-1/' (5) 
where the function @,'(O, Ns,) of the 
Schmidt number alone has also been 
computed by Eckert (12) ,  Merk ( 1 3 ) ,  
Sparrow (14) ,  Fisher and Knudsen 
( 1 5 ) ,  Evans and Spalding (16), and 
others over a very wide range of 
Schmidt (Prandtl) numbers. An im- 
mediate consequence of the present 
mathematical model is that local values 
of any nondimensional dependent vari- 
able constructed from the reactant con- 
centration field at y = 0 can depend 
only upon the independent variable 
z a G,, . (x/L)"* and the parameter n, 
where G,, (9) is given by 

and Nnh',  is the value of the local mass 
transport coefficient Nab, evaluated at 
x = L (the trailing edge of the plate). 
Thus the dependent variable of great- 
est interest, that is the local rate of re- 
action R ,  can be written in the sepa- 
rable form 

which defines a local nondimensional 
reaction rate coefficient If the local 
reaction rate given by Equation (7) is 
integrated over the length of the cata- 
lyst, then the actual overall reaction 
rate will be given by an expression of 
the form 

(8) 
This likewise defines a nondimensional 
reaction rate coefficient 7. The mean- 
ing of the nondimensional coefficients 
9 and is made clear as follows. If 
the reactant concentration c, at the 
catalyst surface were c, everywhere, 
then k[p c,]" would represent the re- 
sulting local reaction rate, and k[p c.]". 
L the overall rate of reaction (per 
unit plate depth). However the actual 
rates R and are given by the cor- 
responding products with 9 and <. 
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= k [ p  csln L . g(Gn, n )  
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These nondimensional functions 7 and 
7 must embody the effects of convec- 
tive diffusion on the observed reaction 
rate, since neither k[p c,]* nor k[p ~ ~ 1 % .  
L involve any reference to diffusion. 
Moreover 7) and 5 are each less than 
unity since the reactant is depleted lo- 
cally by the interfacial reaction and the 
catalytic activity k remains constant. 
This leads to an interesting interpreta- 
tion of the product 7 . L as the effec- 
tive length [or more generally effec- 
tive area (per unit depth)] of the 
catalyst in the presence of convective 
diffusion. Since a catalytic plate of 
length L in the presence of convective 
diffusion causes the same total amount 
of conversion as a catalytic plate of 
length . iL  in the absence of a diffu- 
sional limitation, the factor is some- 
times referred to as the catalyst effec- 
tiveness or utilization factor. The nor- 
malized reaction rate coefficient 7 may 
likewise be regarded as a local effec- 
tiveness factor. 

To the chemist interested in the in- 
terfacial reaction itself, diffusion is a 
falsifier, an intruder. Thus while one 
is usually interested in the true activa- 
tion energy and the true reaction order 
characterizing the chemical reaction, 
these will not be observed (in the 
presence of slow reactant diffusion) 
when the temperature level and free 
stream reactant concentration are in- 
tentionally changed. The extent of this 
falsification may be conveniently dis- 
cussed in terms of two new parame- 
ters: the apparent activation energy 
and the apparent reaction order. Ex- 
pressions for these quantities are sug- 
gested by formal analogy with E and 
n; that is, if the temperature depend- 
ence of the intrinsic rate constant k 
is characterized by a single activation 
energy parameter E given by 

- 

(9) 
d(ln k) 
d( l /T)  

E = - R -  

then the apparent activation energy E., 
based on the observed temperature 
sensitivity of the overall reaction rate 
i, is taken to be 
- 

that is, the slope of an Arrhenius plot 
of observed rate data. Similarly an ap- 
parent reaction order is defined by the 
relation 

The normalized apparent activation en- 
ergy E J E  and normalized apparent re- 
action order n,/n are related to the iso- 
thermal effectiveness factor .1 in much 
the same way as in static systems. Con- 
sider for example an isothermal cataly- 

sis problem in which an nt" order sur- 
face reaction takes place along a solid 
immersed in a stream of foreign gas. 
The gas will be considered to have a 
total density which depends inversely 
on the temperature level at a fixed 
level of the total pressure; however the 
nondimensional reactant concentration 
c, will remain invariant under such a 
change. When the temperature level 
of the system is increased by a small 
amount dT, the density, kinematic vis- 
cosity, reactant/carrier gas binary dif- 
fusion coefficient, and, most important, 
the intrinsic chemical rate constant, are 
a11 akered in magnitude. In particular 
consider the case for which v a TI', 
D a TSD, Ic a exp[-E/(RT)]. From 
the definitions of 7 and E ,  one has 

Since the basic equations governing the 
physico-chemical-hydrodynamic model 
reveal that 7 = <( G,&, n ) ,  one may 
write 

Considering all rates of change to be 
with respect to the reciprocal of the 
absolute temperature, and making use 
of the definition of the catalytic param- 
eter G,, one obtains (6) 

This relation allows the calculation of 
the normalized apparent activation en- 
ergy E J E  for each value of the cata- 
lytic parameter G,, as soon as the de- 
pendence of the global diffusion cor- 
rection 7 on G, has been determined.* 
As a commonly occurring special case 
it is observed that when E >> RT, 
Equation (14) specializes to 

The ratio of apparent to true reac- 
tion orders n./n is treated in a similar 
way. Imagine a small change d(pc,) 
in the free stream reactant concentra- 
tion with the total density p held con- 
stant. Then the global reaction rate R 
will change in accordance with 

d ( l n i )  = nd[ln(pc,)] + d ( l n q )  

- 

- 

(16) . .  - 
Q Since the-dependence on catalyst geometry is 

absorbed in q ( C , n ) ,  Equation (14) will hold 
for bodies of arbitrary shape and catalytic activity 
provided the boundary layers are laminar. Avail- 
able evidence indicates that laminar boundary- 
layer flow may prevail about individual catalyst 
particles in fixed bed catalytic reactors (see refer- 
ence 1 3  In the limit E > > RT Equation 
(14) apply to turbulent boundary layers as 
well, provided the definition of Cn is suitably 
modified. 

Introducing the definition of the ap- 
parent reaction order n, one has 

n, 1 d ( l n 7 )  . d ( h G n )  -_  -1 f -  
n n d(lnG,) d(lnpc,) 

The dependence of the catalytic pa- 
rameter G, on p c ,  then implies 

n -  1 d(1nij) 
- 1+-. 

(17) 

n. 
n n d(lnG,) 

(18) 
With regard to the dependence of the 
normalized apparent reaction order 
n, /n  on the catalytic parameter G,, it 
is observed that the falsification of re- 
action order depends upon the same 
differential coefficient of the effective- 
ness factor 5 as does the activation 
energy ratio E,/E.' It is remarked 
that, in the special case of first-order 
surface reactions (n = l ) ,  the second 
term on the right-hand side of Equa- 
tion (18) vanishes regardless of the 
magnitude of the parameter G,. This 
means the apparent and observed reac- 
tion orderst will always be identical 
if the true reaction order is unity. For 
this reason one cannot conclude that a 
surface reaction is diffusion controlled 
on the basis of reaction order data 
alone. 

It is interesting to compare Equa- 
tions (15) and (18) with Equations 
(35) and (45), respectively, of refer- 
ence 1. While the equations given here 
apply to surface reactions occurring 
along catalytic solids immersed in a 
stream of reactant, and the equations 
given by Weisz and Prater (1) are de- 
rived for diffusion within porous cata- 
lysts, one cannot help but be struck 
by their formal similarity. 

APPROXIMATE SOLUTIONS 

- _  

The real work of the solution re- 
mains to be done, since the actual form 
of each isotherma1 diffusion correction 
7 ( z ;  n) and G( G,, n)  is, as yet, un- 
known. This information can only be 
obtained of course by solving the 
boundary-layer conservation equations 
subject to the constraints discussed 
earlier. While the diffusion Equation 
(3)  is itself linear, the chemical kinetic 
boundary condition (4)  at the inter- 
face is not (except for n = 0, 1 ) .  Fur- 
thermore the velocity field u(x, y ) ,  
0 (sy) within the layer is not generally 
expressible in closed form. Under these 
conditions one has no practical alterna- 

Q Again this result will therefore formally apply 
to catalytic solids of arbitrary geometry. 

+One can also define an apparent order with 
respect to catalyst surface area which will vary 
between unitqv in the absence of a diffusion+ w- 
tation and 
laminar diffusion layer. For intermediate values o? 
Cn this apparent order 4 readily found to be 
given by 1 + ?h(d In q/d  In Cm), when the 
diffusion layer is laminar. 

- 

a in the presence of a .rate W b n  
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Fig. 1. Vorticity and concentration diffusion boundary layers 
developing along a catalytic flat plate. 

tive but to seek approximate solutions 
whose accuracy can be checked only 
in certain extreme (asymptotic) cases. 

The most straightforward approach 
to this problem would be that of Hey- 
mann ( 3 ) ,  as adapted to flow systems 
by Frank-Kamenetskii ( 4 ) .  In accord- 
ance with this approach a steady state 
reactant concentration c, would be es- 
tablished at each point along the sur- 
face such that the local rate of diffu- 
sional transport, taken to be simply 
proportional to the local concentration 
driving force c. - c,, is identically 
equal to the local chemical rate of con- 
version at the interface. The funda- 
mental approximation is that the non- 
reactive diffusional transport coefficient 
given by Equation (5) ,  and derived 
under the condition c, - c, = con- 
stant, is applicable even when the dif- 
fusional driving force c, - c, is in- 
creasing with axial distance as the 
reaction proceeds. When one considers 
distance and time to be related by the 
free stream velocity, in spirit then this 
is indeed a quasi-stationary method. 

Without pausing to justify this pro- 
cedure one may quickly obtain its 
consequences since only algebraic 
manipulations are involved. The basic 
reactant conservation equation at the 
interface takes the form 
Nm, . D p . (c, - c , ) / x  = k . ( p c , ) "  

(19) 
where N w h s  is taken over from Equa- 
tion ( 5 ) .  Again defining G, by Equa- 
tion (6) one finds the local diffusion 
correction 7 = (c,/c,)" from the solu- 
tion of the algebraic equation 

zT+-7)i 'n-1=0 (20) - 
where z 3 G, * (x)''~. The global diffu- 
sion correction 5 is then obtained from 
the integral 

$' R * > ( X )  dx 

STREAMWISE VARIABLE, I 

Fig. 2. Normalized, steady state reactant concentration dis- 
tributions along a catalytic flat plate for several reaction 

orders. 

For instance in the special case n = 1 
(first-order surface reaction), the re- 
sults are simply ( 5 )  

?1=- (22) 
and I S 2  

.I = (2/G1) [l - ( l / G , )  In (1 + G d 1  
(23) 

The differential coefficient d (1x15) / 
d(ln GI) appearing in the expressions 
for the apparent chemical kinetic pa- 
rameters EJE and n,/n is readily ob- 
tained in explicit form from Equation 
(23). In dimensional form Equation 
(22) has an interesting interpretation. 
Defining the local diffusion velocity k, 
= N E h s  . D/x,  one has the well-known 
resistance additivity law ( 4 )  

1 1 1  
- +- 

k a  k k, 

1 

(24) 

for the apparent rate constant k, = 

7) k defined by ft" = k, p c, at each 

axial station x along the catalyst. 
Since this local resistance law is a con- 
sequence of the underlying uncoupling 
approximation of the quasi-stationary 
method, it is of interest to examine its 
accuracy and in particular the condi- 
tions under which it is likely to be in- 
adequate. Generally speaking the fact 
that the extent of the diffusional falsi- 
fication of chemical kinetic parameters 
depends upon a differential coefficient 
of the diffusion correction (effective- 
ness or utilization factor) suggests that 
any errors introduced in the determina- 
tion of .I itself will be amplified in the 
calculation of E J E  and n,/n. An ob- 
ject of the present work will be to 
evaluate this error by comparison with 
at least one exact solution of the origi- 
nal set of equations.' 

- _ -  

- 

0 An important start in this direction was made 
in reference 18 where the accuracy of the qua.%- 
stationary q(z .1 )  distribution was examined in 
the asymptotic'extreme NEO + m for small Z. The 
author wishes to carry such a comparison through 
to the stage where the accuracy of E d E  and ndn 
can be investigated over the entlre range of the 
diffusion-reaction modulus C-, since these falsifi- 
cation parameters are of particular practical in- 
terest. 
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A qualitative understanding of the 
nature of the quasi-stationary assump- 
tion may be obtained from a considera- 
tion of the diffusional driving force 
history. If one confines his attention to 
reactant concentrations in the immedi- 
ate vicinity of the catalyst, the fact 
that the action of the catalyst causes 
the local reactant concentration c, to 
decrease monotonically with increasing 
stream distance implies that fluid par- 
cels near any particular point on the 
surface have come from upstream re- 
gions where the concentration cw was 
somewhat higher. Considering the 
local ddfusional rate of transfer to the 
surface per unit driving force Ac (that 
is the coefficient), one sees that this 
invasion of reactant near the wall 
causes the local concentration profile 
to be distorted for the same local value 
of c. and c,, in such a way that the 
local transfer coefficient (x/Ac) (ac/ 
 at^),,=^ is increased. In this sense the 
reactant depletion process produced by 
the presence of the catalyst is self- 
regulating, since the more vigorously 
the catalyst causes the reactant con- 
centration c,, to decrease spatially, the 
more this enhances the local diffusional 
mass transfer coefficient. Clearly then 
any method which neglects this phe- 
nomenon will underestimate the reac- 
tion rate everywhere along the catalyst 
surface and therefore underestimate the 
overall rate of interfacial reaction 
(hence .I) as well. In short quasi-sta- 
tionary methods of this type will al- 
ways tend to give an exaggerated esti- 
mate of the effects of diffusion on the 
total conversion of a catalytic surface. 
When it comes to the apparent activa- 
tion energy and reaction order how- 
ever it will be seen that it can cause 
overestimates or underestimates of the 
effect of diffusion depending on the 
extent of the diffusional limitation itself 
(that is the magnitude of G, and hence 
7). 

It  may be asked whether these prop- 
erties of the quasi-stationary method 
constitute the price of its simplicity 

- 
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and formal generality. In particular 
one is tempted to ask whether the 
quasi-stationary method can be quan- 
titatively improved without forfeiting 
these appealing features. Fortunately 
a significant improvement can be ef- 
fected if one invokes an approximate 
method introduced by Ambrok (19)  
in his treatment of a related heat trans- 
fer problem, namely the convective 
heat transfer properties of nonisother- 
ma1 surfaces. It is suggested, although 
admittedly with some hesitation, that 
this improved method be called quasi- 
quasi-stationary, since this seems to 
best describe its essential property, 
namely that of using the quasi-station- 
ary method to generate its own im- 
provement. While this quasi-quasi-sta- 
tionary method is applied here only 
for the laminar diffusion boundary 
layer on a flat plate, it is readily gen- 
eralized to include transition flows and 
turbulent flows along catalytic wedges 
(5, 6, 20) .  For the case studied the 
method allows rapid and reasonably 
accurate calculation of the local and 
integrated reaction rates, apparent ac- 
tivation energies, and apparent reac- 
tion orders for arbitrary values of the 
reaction order. Moreover the results 
are formally applicable over the entire 
range of Schmidt numbers. In contrast 
to the integral equation approach 
adopted by Chambrb and Acrivos 
( 1 8 )  the author has preferred casting 
this method into its differential form. 
In the present case this is readily done, 
and it offers some advantages in study- 
ing and displaying the qualitative be- 
havior of solutions (9). 

Consider first the problem of deter- 
mining the diffusional mass transfer 
distribution, but for the present 
imagining the distribution c ,  ( x )  to be 
prescribed. Of course in the actual 
catalysis problem this is not the case, 
for if it were the solution to the prob- 
lem would simply be 9 = ( C ~ / C ~ ) ~ .  

By formally integrating the laminar 
diffusion boundary layer Equation ( 3 )  
over y from y = 0 to y + 00, and mak- 
ing use of the continuity equation, it 
can be shown that the convective dif- 
fusion layer thickness defined by 

satisfies the ordinary differential equa- 
tion 
& d  - + a -  
dx dx 

{In [ u , ( c ,  - c , ] }  = N s r  (26) 
where Nsl is the local diffusional 
Stanton number, defined by 

If this nondimensional transfer coeffi- 
cient were known as a function of say 
u.  8/v, v / D  etc., then Equation (26) 
would provide a relation for the growth 
of the diffusion layer thickness, from 
which the coefficient N , ,  could in turn 
be determined at each point x along 
the surface. While for arbitrary free 
stream velocity distribution u. (x)  and 
concentration distribution c ,  (x) , N s t  
is not known, there exists a class of 
free stream velocity distributions u. (x)  
for which exact solutions of the bound- 
ary-layer equations are available (in 
numerical form), provided cw = con- 
stant. These are the so-called isother- 
mal wedge solutions (7) for which 
u, a xm, where the exponent m is 
sometimes called the Euler number. In 
particular the flat plate problem is 
a member of this class, corresponding 
to an Euler number of zero. As in 
the Frank-Kamenetskii quasi-stationary 
method these exact solutions will be 
enlisted to obtain approximate solu- 
tions to the catalysis problem, but in 
a somewhat less direct manner. 

Consider the introduction of the 

nondimensional axial coordinate x = 
x / L  and the nondimensional, stretched 

diffusion layer thickness 6 = ( 8 / L ) .  
(NRs)”’, where again NRe = U L / V .  
Then with rn = 0 Equation (26) be- 
comes 

- 
c 

dx dx (28) 
Since exact numerical solutions to the 
boundary-layer equations exist ( 1  0, 
12, 16) for rn = 0, cw = constant, one 
can in particular obtain the functions 

and (29) 
Nsn. ( N n e , ) - ” ’ =  O,’(O, Ns,) 

( 6 / ~ )  ( N R ~ , ) ” ?  A (0, N s c )  = 

( 2 / N s c )  . 8,’ (0, N s c )  (30) 
In terms of the function @,’(O, Nsa) 
one finds the corresponding local Stan- 
ton number depends upon the diffu- 
sion layer thickness in accordance with 

For a flat plate with czLl = constant 
Equation (28) reveals that the con- 
vective diffusion layer thickness grows 
in accordance with the first-order dif- 
ferential equation 

However for a flat plate with variable 
c ,  a first approximation to the con- 
vective diffusion layer thickness distri- 
bution can be obtained from the solu- 
tion to the complete equation 
d8 - - d  

- + - t - [ l n ( c , - - w ) 1 =  dx - dx - 

where the presence of the second term 

on the left-hand side corrects 8(x) for 
the axial variation in the diffusional 
driving force c. - cw, and it is as- 
sumed that the local relation between 

N , ,  and 8 is not appreciably changed 
by the altered boundary condition. The 
result is a nonlinear first-order differen- 

tial equation for 8( r )  which is of the 
Bernoulli type. Therefore a solution can 
be obtained which gives the explicit 

dependence of 6 on the concentration 

- -  

- 
- -  

- 

Fig. 3. Dependence of global catalyst effectiveness factor on the composite catalysis-diffusion 
parameter C, for several reaction orders. 
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Fig. 4. Influence of convective diffusion on the 
apparent activation energy for chemical sur- 
face reactions on catalytic plates of finite 

length. 

distribution along the surface. Retum- 
ing to Equation (31) one finds that 
the solution to the intermediate prob- 
lem becomes 

(34) 

This result is now applied to the catal- 
ysis problem initially posed. When the 
surface of the plate is catalytically ac- 
tive, the diffusional driving force dis- 
tribution is not prescribed; in fact it is 
sought. The actual boundary condition 
to be satisfied is given by Equation 
(4) .  When one makes use of the defi- 
nition of the local Stanton number, 
this condition becomes 

But since N , ,  is now given by Equa- 
tion (34), Equation (35) represents 
a nonlinear integral equation of the 
Volterra type for the normalized reac- 

tant concentration c = CJC. along the 
surface.' In terms of the following 

nondimensional quantities 

d 

c = c,/c, 

the equation reads 
c*=  (1-C)LX 

[ 2 JZ ( 1  - c ) 2 z 1  dz, ]-'Ia (37) 

- 
* o will be used hereafter (in place of c 

cw./ce) for notational convenience. 
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This nonlinear integral equation for 
C(Z) can be transformed into the fol- 
lowing separable first-order differential 
equation 

(1 -c )  x - 22 dz = C-'2n+1) 

[Zn - 2(n - 2) C] * dc (38) 
with the initial condition c(0)  = 1. 
Therefore if the reaction order is not 
n = 0, 1/2, or 1, the normalized reac- 
tant concentration c and axial varia- 
able z are related by ..=[,--I- 1 - cm 

2 ( n  - 1 ) 1 - pw*) 

1 [ C21n-1/2) 1 -  
- [ Cz'n4, ] (39) 

n--  
2 

2 - n 1 - ~'"'4) 

n - 1  

If the reaction is of zeroth order, c and 
z are (linearly) related in accordance 
with 

If the reaction is of order 1/2, then c 
and z are related in accordance with 

~ ' = 2 ( 1 - ~ ) '  c > O  (40) 

1 - c  1 
C C2 

XZ = - + In - - 3 ( 1 - c ) 

(41) 

and finally if the reaction is of the first 
order (n  = 1) then c and z are related 
in accordance with 

The normalized, steady state reactant 
concentration distributions c ( Z; n) 
along the catalyst surface are shown in 
Figure 2.* The corresponding normal- 
ized reaction rate distributions 7 ( X ;  n)  
are simply given by [ ~ ( z ;  n ) ] " .  A 
number of interesting properties of the 
solution are now discussed in terms of 
this example. 

Generality With Respect to Schmidt 
Number 

Since the same differential equation 
must be solved for all values of the 
Schmidt (diffusional Prandtl) number, 
the results (39), (40), (41), and (42) 
apply for all Schmidt numbers. Only 
the nature of the axial variable z 
changes. For very large values of the 
Schmidt number Lighthill (21 ) has 
shown that 

@,,,'( 0; A'sc) c 0.3387 ( Nsc)'13 
(43) 

For Schmidt numbers not far from 
unity Polhausen (10) observed that 

Q The case n = 4 is included primarily because 
of its heat transfer analogue ( 2 4 )  namely radi- 
ation cooling of flat plates with for6ed convection. 
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a,'( 0; Ns,) E 0.33206 ( N s , )  'la 

In this latter case the relevant catalytic 
parameter G, therefore becomes ex- 
plicitly 

k . (pc,)"-' 
G -  

(44) 

- 0.33206( NRs)"' ( NBO)'Ig D/L 
(45) 

Over a much wider range of large 
Schmidt numbers Merk (13)  obtained 
the asymptotic expansion 

0,' (0, Nac)  = 0.3387 ( h'sc)  liS X 

in which the leading term had been 
given earlier by Lighthill (21 ) . On the 
other hand when the diffusional 
Prandtl number becomes very small 
( N E o  << l ) ,  the leading term in 
0,' (0, qSG) is supplied by Boussinesq's 
treatment of heat transfer in inviscid 
flow ( 2 2 )  ; that is 

1 
@,'(O,NsD)  +- 5 (Ns,)"' (47) 

dz 
In this latter case ( N s , +  0) however 
it will be seen that an exact solution in 
closed form is obtainable (23)  when 
the surface reaction is of first order. 
This solution will therefore .be called 
on later to check the accuracy of the 
approximate method described above. 

Spatial Transition from Activation to  
Diffusion Control (18) 

The solutions presented have the 
property that sufficiently near the lead- 
ing edge of the catalytic plate the local 
reaction rate is always given by 
k * (pc,)"; that is, it is independent of 
diffusion or convection parameters. 
This reflects the fact that reactant sup- 
ply by convection near the sharp lead- 
ing edge is always more than adequate 
to cope with the tendency of the cata- 
lyst to locally deplete the reactant con- 
centration. As a result the diffusion 
layer starts with zero thickness at the 
leading edge. Far downstream the local 
reactant concentration at  the catalyst 
itself becomes very small compared 
with the free stream reactant concen- 
tration. The reaction is said to become 
diffusion controlled in the sense that 
the magnitude of actual catalytic activ- 
ity k no longer limits the result; that is 
the surface has the chemical kinetic 
capacity for greater local conversion 
(if it were exposed to the free stream 
reactant concentration). However by 
the very fact that it has consumed re- 
actant at a rate at which it cannot be 
adequately replenished, the surf ace 
must content itself with converting 
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Fig. 5. Influence of convective diffusion on the apparent reac- 
tion order for chemical surface reactions on catalytic plates 

of finite extent. 

only what can reach it by diffusion 
from the free stream across the diffu- 
sion boundary layer. With regard to 
the local apparent kinetics the reaction 
rate near the leading edge will there- 

at the trailing edge of the plate ( X  = 
L ) ,  one then finds 

" "  
fore always respond to changes in free 
stream reactant concentration and 
temperature level in a way which re- 
flects the true nth order kinetics and 
temperature dependent rate constant 
k (T) . Further downstream however 
diffusion begins to mask the true reac- 
tion order and temperature depend- 
ence of k. Ultimately the local reaction 
rate responds to changes in free stream 
reactant concentration as if a first 
order, temperature insensitive, inter- 
facia1 reaction were taking place, re- 
gardless of the true reaction order and 
activation energy. Looking at the cata- 
lytic surface from an overall point of 
view one may see that the observed 
kinetics will then be intermediate be- 
tween that characterizing the interfa- 
cial process itself and that correspond- 
ing to the pure physical process of con- 
vective diffusion. By summing up the 
local reaction rates along the catalyst 
(that is regarding the plate as an inte- 
gral reactor), one may quantitatively 
examine the extent of the resulting 
falsification for catalysts of finite length 
and activity. 

Computation of 7, E,/E, and n,/n 

In order to calculate the diffusional 
falsification parameters it is first neces- 
sary to obtain the integrated diffusion 
correction .t (catalyst effectiveness fac- 
tor). This is readily done in terms of 
the local reaction rate distributions 
7 (2; n )  = c" already given, since inte- 
gration along the catalyst surface yields 
Equation (21). The integral of 2 7 ( z ) z  . 
dz appearing in Equation (21) need 
not be evaluated numerically since 7 = 
cn and 22 * dz can be replaced by its 
value in terms of c alone [see Equa- 
tion (38) 1, enabling term-by-term 
quadratures for all values of the reac- 
tion order n. Letting c' and z' = G, 
be the values of c and z,  respectively, 

In this manner the overall reaction rate 
coefficient G(G,, n)  may be found 
from the known function z* (c*, n )  
alone. Results are shown graphically 
in Figure 3 for the reaction orders n = 
0, 1/2, 1, 3/2, 2, 4.' Since both scales 
are logarithmic, it is seen from Equa- 
tions (15) and (18) that the local 
slope of this curve is all that is needed 
to compute the falsification parameters 
E J E  and n,/n. Fortunately the calcu- 
lation of these parameters can proceed 
without having to carry out a numeri- 
cal differentiation, since it is easily 
shown that 

(49) 

Values of E J E  for E >> RT have 
been computed from these relations, 
and the results are shown graphically 
as a function of the effectiveness factor 
@ in Figure 4 for several true reaction 
orders (n = 0, 1/2, 1, 3/2, 2, 4 ) .  For 
values of E which are not large com- 
pared with RT, one can construct 
E J E  by introducing these values of 
d (In 11) / d  (In G,) into Equation (14).  
It  is observed that under conditions of 
strong diffusional Iimitation the ap- 
parent activation energy E,  will be- 
come negligible compared with the 
true activation energy E .  This is in 
contrast to the well-known limit Ea+ 
E / 2  for chemical surface reactions i d  
porous spherical pellets and can be 
shown to be a consequence of the ab- 
sence of chemical reaction over the 
diffusion path in the external flow 
problem (1). 

Similarly the normalized apparent 
reaction order n,/n is shown plotted 
as a function of the effectiveness factor 

0 See footnote, page 326. 

in Figure 5 for these same true reac- 
tion orders. The tendency of all inter- 
facial reactions to masquerade as first- 
order reactions in the presence of a 
strong diffusional limitation is illus- 
trated by the 77 = 0 asymptotes l / n  
(shown dashed), 

For values of the effectiveness fac- 
tors ii near unity it is seen from these 
plots that the diffusional falsification of 
activation energy and reaction order is 
most prorlounced for true reaction 
orders which are smaller than unity. 
It is also interesting that diffusional 
effects are observed even for the zeroth 
order case (6) provided the parameter 
Go exceeds some threshold value (d2 
in accordance with the method pre- 
sented). 

With the exception of a discussion 
of accuracy this completes the problem 
of determining the macroscopic chem- 
ical kinetic consequences of diffusion 
on isothermal catalytic plates of finite 
length in the laminar boundary-layer 
flow regime. As has already been re- 
marked, since the falsification of kinetic 
parameters involves the rate of change 
of 7 with changes in the modulus G,, 
it is to be expected that the improve- 
ment offered by the present method 
over the straightforward quasi-station- 
ary method will be more marked in 
comparing these quantities than in 
comparing the predicted diffusion cor- 
iections 7 or i j  alone. Furthermore in 
view of the physical origin of the error 
introduced in the quasi-stationary ap- 
proximation (as discussed earlier) it 
can also be expected that the errors in- 
herent in the quasi-stationary method 
will become larger as the Prandtl num- 
ber for diffusion becomes smaller, that 
is as convective processes near the sur- 
face become comparatively more im- 
portant in determining the structure of 
the diffusion layer; this is where the 
maximum reactant concentration non- 
uniformities along the stream indeed 
exist. Fortunately the extreme Nse 0 
is most tractable mathematically, par- 
ticularly when n = 1, and the accu- 
racy of each approximation in predict- 
ing the falsification parameter E J E  
can now be investigated in the worst 
possible hydrodynamic case. 

A N  EXACT SOLUTION 

In the asymptotic extreme Ns.* 0 
the vorticity boundary-layer thickness 
becomes negligible with respect to the 
diffusion layer thickness with the result 
that the fluid velocity everywhere 
within the diffusion layer may be con- 
sidered to be uniform and equal to the 
free stream velocity. When one inserts 
u = u, = U = constant and v = 0 
into Equation (3 ) ,  the diffusion 
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Fig. 6. Dependence of global catalyst effectiveness factor on the composite catalysis- 
diffusion parameter for first-order surface reactions; a comparison of three methods. 

boundary-layer equation takes the ex- 
tremely simple form 

With the substitution of the transit 
time (or contact time) variable t = 
x / U  the problem of solving Equation 
(50) subject to a chemical kinetic 
boundary condition of the form (4)  
becomes mathematically equivalent to 
that of determining the transient radi- 
ation cooling of a semi-infinite solid 
slab (in one spatial dimension). 

A well-known result used in experi- 
mental heat flux determinations relates 
a transient surface temperature meas- 
urement T, ( t )  to the instantaneous 
heat flux q " ( t )  and thermal properties 
of the backing material 

$"( t )  = 

x $' 1 (") dr 
gG da* ( t - r )  dr 

( 5 1 )  

The mass transfer analogue of this re- 
lation is 

D p  ($),;, = 

DP 1 dc, 
-Ts ( t - - )  (r)dr 

( 5 2 )  

If one now makes use of the local re- 
actant conservation relation (4)  at the 
interface, the solution to the problem 
posed is equivalent to the solution c ( z )  
of the nonlinear, singular, Volterra in- 
tegral equation (21 ) 
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where c has again been written for 
cza/ce. In this case the catalytic param- 
eter 6, appearing in the stretched dis- 
tance coordinate z = G ; ( X / L ) ' ' ~  is 
given by 

k * (pc.)"" 
G, = 

(l /Vl) (Nne) l 'a (Nsc )  "' D / L  
(54) 

in accordance with Equation (47).  
One of the simplest, but most im- 

portant, special cases of Equation 
(53) is that of first-order chemical 
kinetics ( n  = 1) .  Then the integral 
Equation (53) becomes linear and has 
the closed form solution 

c = exp ~ ( z / d k ) ~ ]  * e r f c ( z / d q  

This function (exp (' * erfc () is well- 
known in the theory of transient diffu- 
sion processes in solids.* A short table 
is given in Carslaw and Jaeger's treatise 
on heat conduction (25). A more com- 
plete table has recently been reported 
by Sunderland and Grosh (26). The 
overall reaction rate for the entire sur- 
face can be obtained from Equation 
(55) by integration over z(0 6 z 4 G,) 
to give 

( 5 5 )  

O It is interesting to note that this solution 
is identical to that governing the distribution of 
slip velocity along a flat plate as determined by 
means of the Rayleigh im d i v e  plate analo 
in viscous fluid theory ( 2 8 , .  Thus for examp2 
the overall drag force on flat plates in constant 
density slip flow is related to the overall (first 
order) reaction rate on catalytic plates of arbi- 
trary auivity. This is one manifestation of an un- 
derlying similarity which unites seemingly unre- 
lated problems in surface catalysis, slip flow, and 
radiation cooling (6, 24) .  

INTEGRATED DlFFUSlON (EFFECTIVENESS1 FACTOR,F 

Fig. 7. Influence of convective diffusion on 
the apparent activation energy for first-order 
surface reactions on catalytic plates of finite 

length; a comparison of four methods. 

( 5 6 )  
The differential coefficient required for 
determining the extent of diffusional 
falsification of chemical kinetic param- 
eters is then found from Equation 
(49).  It is now possible to compare 
the values of j and E J E  predicted by 
the quasi-stationary and quasi-quasi- 
stationary methods with the exact solu- 
tion given above. This is donet in 
Figures 6 and 7. Also shown in Figure 
7 is the result one would obtain by 
making the physically unrealizable as- 
sumption that the reactant concentra- 
tion everywhere along the catalyst sur- 
face is constant* and proceeding to 
solve for 7. In this way one readily 
obtains the simple formula 

(57) 
1 
1 

q =  

l+ ,Gl  

where G / 2  will be recognized as a 
diffusion-reaction parameter G, based 
on a global instead of a local mass 
transfer coefficient. 

A comparison of predicted global 
effectiveness factors 5 reveals that 
the Frank-Kamenetskii quasi-stationary 
method gives the largest maximum 
error (14.60/0), while the present 
( quasi-quasi-stationary ) modification 
gives the smallest maximum departures 
(3.55%) from the exact values of T. 
It is indeed interesting that the maxi- 
mum error in using Equation (57) is 
only about 4.77%. With regard to pre- 
dictions of the diffusional corrections 
to apparent chemical kinetic parame- 
ters the quasi-stationary estimate of 
E J E  can be in error by more than a 

+ Tabular data and comparisons are given in 
reference 6. 

0 In the analogous heat transfer problem (24)  
this result would pertain to a plate of infinite 
thermal conductivity, that is one which becomes 
isothermal owing to internal heat conduction 
despite spatial nonuniformity of the fluid-side heat 
transfer coefficient. 
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factor of 2 in the region of strong dif- 
fusional limitation. In the region of 
moderate diffusional limitation, say for < 5 0.5, the maximum error in E , / E  
as predicted by the quasi-stationary 
method is found to be 7.98% as con- 
trasted to the maximum error of 
2.04% obtained with the quasi-quasi- 
stationary improvement. In this respect 
the present method represents a sub- 
stantial improvement in accuracy with 
virtually no sacrifice in ease of compu- 
tation. Interestingly enough the maxi- 
mum error in using Equation (57) to 
calculate E , / E  in the range ij 0.5 is 
only 2.59%. In each of the above 
cases, with 0.5, the approximate 
methods underestimate the value of 
E,/E (overemphasize the importance 
of diffusion). In a kinetic investigation 
this would cause the inferred value of 
the true activation energy E to be over- 
estimated by the corresponding per- 
centages. 

From the work reported on here, as 
well as previous theoretical studies of 
heat transfer to or from nonisothermal 
solid surfaces (28), several general 
conclusions can be drawn as to the hy- 
drodynamic and physico-chemical con- 
ditions under which the quasi-station- 
ary approximation is likely to lead to 
appreciable errors. In particular the 
conditions leading to large errors will 
include laminar as opposed to turbu- 
lent diffusion boundary layers, adverse 
pressure gradients (decelerating flows), 
small reaction orders, and laminar 
boundary-layer flows with small 
Schmidt numbers.* 

As shown earlier in this section 
these errors become particularly serious 
in the computation of the apparent 
activation energy and reaction order. 
Acrivos and Chambrk (18) have con- 
vincingly demonstrated that the ability 
to predict reaction rate distributions 
when, for example, sequential surface 
reactions (A + B + C) are involved 
represents another severe test of any 
approximate method. This can be 
tiaced to the fact that the steady state 
reactant distribution c (2) sought in 
the present paper is, in turn, necessary 
as input information for determining 
subsequent product distributions. An 
iwestigation of the ability of quasi- 
quasi-stationary and alternative ap- 
proximate methods to predict the ap- 
parent selectivity of catalysts in flow 
systems is being undertaken and will 
be reported in the near future. It can 
also be anticipated that the errors will 
likewise be more serious in treating the 
coupled problem of simultaneous exo- 

0 It should be noted that gasholid catalytic re- 
actions ordinarily involve Schmidt numbers of 
unity or less. For turbulent boundary-layer flows 
the accuracy of the quasi-stationary method de- 
generates with increasing Schmidt number \20 ), 
since the bulk of the df i s ion  boundary ayer 
becomes submerged within the laminar sublayer. 
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Fig. 8. Relation between the two global reaction rate coeffi- 

cients and 11 for chemical surface reactions on catalytic 
plates of finite length. 

thermic reaction and heat transfer. This 
more general problem is however also 
beyond the scope of the present paper 
and will be discussed elsewhere (29). 

APPLICATIONS 

If the reaction were completely dif- 
fusion controlled everywhere along the 
catalyst, then the total reaction rate 
would be equal to the total rate of re- 
actant diffusion through the laminar 
layer to the catalytic plate when c, = 
0: 

R +  2 N'sr; D p c ,  ( 5 8 )  

The ratio of the actual rate to this 
limiting rate constitutes another im- 
portant nondimensional coefficient @ 
which is related to the effectiveness 
factor 5 through 

- 

- 

- 

This relation %(q) is shown graphi- 
cally in Figure 8. In a chemical kinetic 
study the use of the coefficient 5 has 
the advantage that it can be calculated 
from observables if the Fick difFusivity 
D can be accurately estimated. A 
knowledge of the true reaction order 
then enables the determination of 11 
and hence the falsification parameter 
E J E  (Figure 4) .  When the diffusivity 
is not accurately known or estimable, 
the calculation of the coefficient 5 
from the observed rate data is pre- 
cluded. Nevertheless the catalyst ef- 
fectiveness factor could be determined 
by means of a triangle method of the 
type used in static systems (30, 1 ) . 

The basic technique is described be- 
low for a first-order surface reaction. 
One makes two rate determinations 
with the same catalyst by varying some 
physical (hydrodynamic) parameter 
such as the catalyst length or the free 
stream velocity. Since the dependence 
of the catalytic parameter GI on hydro- 
dynamic factors is known, the ratio of 
this parameter for the two experiments 
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will be known. On a logarithmic plot 
the ratio Gl,JGl,2 represents a line seg- 
ment of fixed length. From the ratio of 
observed reaction rates one can simi- 
larly calculate the ratio $/% independ- 
ent of any knowledge of the rate con- 
stant k. Again on a logarithmic plot of 
G(G,) the ratio Ti1/% represents a line 
segment of fixed length. These two line 
segments form a triangle which can be 
fitted to the 11 vs. GI plot, resulting in 
the determination of 5 and GI for each 
experiment. The actual rate constant k 
can then be obtained from either of 
the effectiveness factors .I so deter- 
mined. Thus the procedure outlined in 
reference 1 for determining the activ- 
ity of porous catalyst pellets carries 
over, with minor modifications, to ex- 
ternal flow systems. As in the case of 
porous catalysts the result is determin- 
ate only when the rate data is obtained 
in the regime of moderate diffusion 
effect, that is where the y(G,) plot is 
not asymptotically straight. 

When the intrinsic reaction order n 
is not known beforehand, application 
of triangle method must be preceded 
by additional experiments in which the 
free stream reactant concentration is 
varied. In this case however, with an 
analogous approach, the relation 
between n,/n and could readily be 
used to extract the true value of n. 
This would enable one to proceed 
with the triangle method for deter- 
mining the true interfacial rate con- 
stant k as outlined earlier, thereby 
completing the description of the 
macroscopic kinetics of the interfacial 
rate process. It should be added in 
closing however that these possible ap- 
plications are cited only as examples. 
By no means do they exhaust the 
methodological alternatives open to the 
experimentalist. 

CONCLUSIONS 
Boundary-layer flows are shown to 

form an important class of well-defined 
flow systems which a complete theo- 
retical treatment of the role of physical 

Page 329 Vol. 9, No. 3 



phenomena in determining the ap- 
parent kinetics of surface reaction is 
feasible (31 ) . Between the chemically 
(activation) controlled and diffusion 
controlled extremes lies a transition 
regime within which the observed 
kinetics are determined by the intrinsic 
activity of the surface as well as hydro- 
dynamic and diffusive parameters. 
From a study of the similitude proper- 
ties of the boundary layer conservation 
equations this transition or exchange of 
control is shown to be governed by the 
magnitude of a nondimensional com- 
posite catalytic-diffusive parameter G, 
of the form G, = (characteristic chem- 
ical rate at the interface) / (character- 
istic rate of diffusion to the interface). 
Two important nondimensional reac- 
tion rate coefficients and depend 
upon the magnitude of this parameter. 
The coefficient .1 (the integrated cata- 
lyst effectiveness factor) may be re- 
garded as a correction (to the activa- 
tion controlled rate) for the effects of 
convective diffusion, becoming unity 
only when G, becomes very small. 
Similarly the coefficient % may be re- 
garded as a correction (to the inte- 
gated diffusion limited rate) for the 
effects of finite catalytic activity, be- 
coming unity only when G, becomes 
very large. I t  is shown that general ex- 
pressions, reminiscent of those applic- 
able to static systems, can be derived 
relating the falsification of the activa- 
tion energy and reaction order to a 
logarithmic derivative of the isother- 
mal diffusion correction (effectiveness 
factor). Improved approximate solu- 
tions have been given for the case of 
the thin, nonturbulent diffusion layer 
which develops along an impermeable 
catalytic flat plate, applicable to arbi- 
trary values of the true reaction order 
and diffusional Prandtl number. Com- 
parisons with an exact solution to the 
boundary-layer equations and the well- 
known quasi-stationary method have 
been made for the special case of first- 
order surface reactions. Of the various 
quantities of interest in the diffusional 
theory of heterogeneous reactions in 
flow systems it is found that the accu- 
racy of the Frank-Kamenetskii quasi- 
stationary approximation can become 
unacceptably poor for the calculation 
of the falsification of kinetic parame- 
ters. Arguments have been given 
which show that these errors should be 
most severe for laminar diffusion layers 
in small pressure gradient fields, par- 
ticularly when the Prandtl number for 
diffusion, as well as the true reaction 
order, are small. Finally it is shown 
that solutions of the type presented 
can be applied to the experimental in- 
ference of chemical kinetic parameters 
(when a diffusion limitation is present) 

in much the same way as in static sys- 
tems; specifically the triangle method 
of activity determination carries over 
(limitations included) almost without 
change to the case of catalytic reac- 
tions in external flow systems. 
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NOTATION 

c = mass fraction of reactant in 
fluid phase or c,/c, 

G, = catalytic-diffusive parameter 
for nth order surface kinetics 
[Equation (6) 1; & = G,/2 

D = Fick diffusion coefficient (dif- 
fusivity ) 

E = activation energy 
k = intrinsic chemical rate con- 

k ,  = q k  
k, = local diffusion velocity [Equa- 

L = characteristic dimension of 

ni = pressure gradient parameter 

n = intrinsic reaction order 
N w  = nondimensional mass transfer 

coefficient (Sherwood, or dif- 
fusional Nusselt number) 

= Schmidt number = u/D (dif- 
fusional Prandtl number) 

stant 

tion (24)] 

catalyst 

(Euler number) 

Ns. 

R = universal gas constant 
= mass rate of surface reaction 

(reactant consumption) per 
unit area 

&,, 

R 

Nlte = Reynolds number 
N s t  = Stanton number [Equation 

T = absolute temperature level 
tc = component of fluid velocity 

parallel to catalyst surface 
U := approach velocity of fluid 
v = component of fluid velocity 

normal to catalyst surface 
x = coordinate (distance) along 

catalyst surface 
g = coordinate (distance) normal 

to catalyst surface 
z = stretched coordinate along cat- 

alyst surface 
z1 = dummy (integration) varia- 

able; [Equations ( 3 7 )  and 

= total mass rate of reaction (one 
side of plate) 

(27)  1 

(53) 1 
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a = thermal diffusivity = X/ ( p  c,) 
6 = convective diffusion layer 

thickness [Equation (25) ] 

6 = (S /L )  (NRe)”* 
- 
A = nondimensional convective dif- 

fusion layer thickness 
5 = vorticity = &/ax - a d a y  

for two-dimensional flow 
7 = k ‘ ( x ) / [ k ( p ~ , ) “ ]  = local dif- 

fusion correction 

7 = .fLi”(x)dx/[k. ( p c , ) “ L ]  = 

isothermal catalyst effective- 
ness factor 

0,”‘ = function describing depend- 
ence of AT8,, on Ns,  

A 
p 
v 

p 
T = dummy (integration) variable 
@ = nondimensional coefficient de- 

- 

= thermal conductivity of fluid 
= dynamic viscosity of fluid 
= p / p  = kinematic viscosity of 

= mass density of fluid 
fluid 

- 

fined by Equation (59) 

Subsc ripts 

a = apparent (observed) 
D = pertaining to molecular diffu- 

e = at outer edge of boundary 

n = pertaining to reaction order n 
w = at surface (wall) of catalyst 
x = based on the distance x 
1, 2 = pertaining to experiments no. 

sion 

layer 

1 and 2 
Special Symbols 
d 

exp = exponential function 
erfc = complementary error function ’ = pertaining to the trailing edge 

In = natural logarithm 
A 

V‘ = Laplacian operator 
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Effective Interfacial Area in Packed 

Columns for Absorption with 

Chemical Reaction 
FUMITAKE YOSHIDA and YOSHIHARU MlURA 

Kyoto University, Kyoto, Jopan 

A number of theoretical studies have 
been reported on gas absorption ac- 
companied by a chemical reaction since 
the pioneering work of Hatta (9, 10). 
However the method of designing the 
packed column for chemical absorption 
has not been well established, partly 
because of insufficient knowledge of the 
effective interfacial area for chemical 
absorption. In the present work the 
effective interfacial area for chemical 
absorption was evaluated from data on 
absorption of carbon dioxide into aque- 
ous solutions of sodium and potassium 
hydroxides in a packed column and in 
a bead column, that is a column of 
spheres connected in a vertical row. 
Theoretical relationships for the re- 
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action factor, the ratio of the coefficient 
for chemical absorption to that for 
physical absorption, were confirmed. 
Physical absorption experiments were 
also performed to obtain the necessary 
data on the mass transfer rates in the 
liquid and gas phases. 

EXPERIMENTAL 

The setup of the apparatus for the phys- 
ical absorption experiments was similar to 
the one reported elsewhere (30, 31) .  
Figure 1 shows a schematic diagram of 
the apparatus for the chemical absorption 
experiments with the bead column. Car- 
bon dioxide from a cylinder was absorbed 
into water in the saturating column, and 
the gas was stripped from the solution by 
air in the stripping column to give an air- 
carbon dioxide mixture of a given compo- 

A.1.Ch.E. Journol 

sition, which could be varied by controlling 
the rate of water to the stripping column. 
The bead column consisted of a jacketed 
glass tube, 40 mm. I.D. and a vertical 
row of porcelain spheres connected with 
a stainless steel wire at the axis of the 
column. Thirty 1-in. spheres, with 4-mm. 
clearances between adjacent spheres, and 
sixty %-in. spheres, with 2-mm. clearances, 
were used. The temperature of the liquid 
through the bead column was controlled 
by means of the liquid feed preheater 
and the column jacket, through which 
water from a thennostated tank was 
passed. 

The apparatus for the packed column 
experiments was similar to the one shown 
in Figure 1 except for the use of a packed 
column in place of the bead column. 
The packed column, made of glass, was 
12.1 cm. I.D. and was packed with 1-in. 
and %-in. porcelain Raschig rings to a 
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